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The fermion sign problem is often viewed as a sheer inconvenience that plagues numerical studies
of strongly interacting electron systems. Only recently, it has been suggested that fermion signs are
fundamental for the universal behavior of critical metallic systems and crucially enhance their degree
of quantum entanglement. In this work we explore potential connections between emergent scale
invariance of fermion sign structures and scaling properties of bipartite entanglement entropies.
Our analysis is based on a wavefunction ansatz that incorporates collective, long-range backflow
correlations into fermionic Slater determinants. Such wavefunctions mimic the collapse of a Fermi
liquid at a quantum critical point. Their nodal surfaces – a representation of the fermion sign
structure in many-particle configurations space – show fractal behavior up to a length scale ξ that
diverges at a critical backflow strength. We show that the Hausdorff dimension of the fractal nodal
surface depends on ξ, the number of fermions and the exponent of the backflow. For the same
wavefunctions we numerically calculate the second Re´nyi entanglement entropy S2. Our results
show a cross-over from volume scaling, S2 ∼ `θ (θ = 2 in d = 2 dimensions), to the characteristic
Fermi-liquid behavior S2 ∼ ` ln ` on scales larger than ξ. We find that volume scaling of the
entanglement entropy is a robust feature of critical backflow fermions, independent of the backflow
exponent and hence the fractal dimension of the scale invariant sign structure.
PACS numbers: 03.67.Bg,05.30.ad,05.45.Mt,75.10.Pq
I. INTRODUCTION
Bipartite entanglement entropies have attracted much
attention as quantum information measures in the many
body context (see Ref. [1] for a recent review). The idea
is to divide the system into two spatial regions, A and
B (see Fig.1), and to compute the reduced density ma-
trix of subsystem A by taking a partial trace on the full
density matrix, ρˆA = TrB ρˆ. One can then compute the
von Neumann entanglement entropy associated with the
reduced density matrix by SvN = −Tr(ρˆA ln ρˆA), or alter-
natively, the n-th Re´nyi entropy by Sn = Tr(ρˆ
n
A)/(1−n).
The Renyi and von Neumann entanglement entropies
are related to each other by the “replica limit”, SvN =
limn→1 Sn and they constitute measures of how the states
in A are entangled with those in B.
In gapped systems, the entanglement entropy scales
with the area of the interface between the sub-systems,
SvN ∼ Sn ∼ `d−1, simply because correlations are short
ranged. Perhaps surprisingly, this area law turns out to
be generic to bosonic ground states in dimensions d ≥ 2.
Its robustness has first been demonstrated in the context
of free bosonic field theories [2–4]. More recently, it has
been shown that Goldstone modes in ordered systems
with broken continuous symmetry [5], topological order
in gapped systems [6], and the scale invariance at bosonic
quantum-critical points [7] only give rise to sub-leading,
additive corrections to the area law. Across quantum
phase transitions, cusp singularities are found in the pre-
factor of the area law [8, 9]. Hence, the area law does
not a priori carry information regarding a given phase of
`
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FIG. 1: (Color online) Two-dimensional system, divided into
two sub-systems A,B. Sub-system B is traced out.
matter [1, 10].
In sharp contrast to the celebrated area-law scaling in
the quantum ground states, finite energy density eigen-
states typically satisfy a volume law scaling, SvN ∼ Sn ∼
`d [11–14]. Recently Grover and Fisher [15, 16] pre-
sented considerations that appear to shed light on the ori-
gin of the gross differences between (near) ground states
and highly excited states, considering states of the form
|Φ〉 = ∑iAi|config, i〉, where |config, i〉 are the configura-
tions of the N -particle Hilbert space in a certain local ba-
sis. They show that various generic wave functions with
all Ai ≥ 0 cannot exceed an area-law entanglement [16].
This is consistent with the area-law bound for bosonic
ground states: as first realized by Feynman [17, 18],
many-body ground-state wavefunctions of bosons in the
coordinate representation are node-less and it is therefore
possible to find a local basis in which all the amplitudes
Ai can be chosen to be positive definite. In an earlier
paper [15], Grover and Fisher consider states such that
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2all Ai have the same absolute value but random signs,
with the effect that the entanglement entropy acquires a
volume scaling. Such states should be representative for
highly excited energy eigenstates, given that these will
form a dense continuum while all states have to be or-
thogonal to each other which can only be accomplished
when sign changes are maximally dense. These findings
suggests that the scaling of the entanglement entropies is
not determined by entanglement in a general sense but
instead by the sign structure carried by the entangled
state.
It is perhaps a universal affair that the sign struc-
tures of highly excited states are of such complexity that
they can be regarded as random for all practical pur-
pose. However, upon descending to low energy there
might be room for more structure. This becomes espe-
cially relevant dealing with the plethora of problems that
are characterized by the (fermion) sign problem. The
vacuum states of interacting fermions at a finite density
or generic quantum spin problems are characterized by
sign changes that cannot be transformed away. Systems
suffering from such sign problems do no longer map on
probabilistic systems and these are claimed to be in gen-
eral non-computable: the computation of the vacuum is
a NP hard problem [19]. This fundamental fact appears
to be overlooked in attempts to prove that in full general-
ity the ground states associated with local Hamiltonians
would be characterized by an area law for the entangle-
ment entropy.
The only genuine sign-full vacuum that is under com-
plete control is the ground state of the Fermi gas and its
perturbative extension, the Fermi liquid. This is charac-
terized by the anti-symmetrization procedure explained
in the quantum mechanics textbooks. This amounts to
an irreducible long range entanglement in a real space
representation only involving the exchange signs which
has proven to be very difficult to encode in for instance a
tensor network, given its non-local nature. It is a famous
result that its entanglement entropy scales like area-log-
area, SvN ∼ Sn ∼ `d−1 ln ` [20–24], i.e. longer ranged
than a typical bosonic system [25].
It is likely that non-Fermi liquid states such as quan-
tum critical metals are characterized by sign structures
that are radically different from those of conventional
metals, giving rise to a very different, universal form of
entanglement scaling. This intuition is inspired by the
strange metallic states that are predicted by the holo-
graphic duality [26], known as the AdS/CFT correspon-
dence. These states appear to correspond generically
to quantum critical phases characterized by an emer-
gent scale invariance which does not require fine tuning
to critical points. It has been demonstrated [27] that
such holographic strange metals can exhibit an anoma-
lous entanglement-entropy scaling SvN ∼ `θ with an ex-
ponent that can take any value d− 1 < θ ≤ d and that is
equal to the hyperscaling violation exponent [28]. While
there is abundant evidence that the resulting vacua are
“sign-full” non-Fermi liquids, their sign-structures have
not been investigated yet.
In the paper, we explore the connection between non-
trivial sign structures and the scaling of bi-partite en-
tanglement entropies in the context of fermionic hydro-
dynamical backflow wave functions. It is not known
whether these are eigenstates of any realistic Hamilto-
nian but they have quite a history as a device to wire
in a richer sign structure in numerical quantum Monte-
Carlo computations [29–33]. The highlight is that, in
a certain parameter regime, backflow wavefunctions are
characterized by a fractal distribution of zeros in config-
uration space [34]. This backflow system was therefore
introduced as a model that might shed light on the nature
of quantum critical non-Fermi liquid states [34], revolv-
ing around the conjecture that a fractal nodal surface is a
necessary condition for the emergence of scale invariance
in any system characterized by “irreducible” signs in the
ground state.
The outline of this paper is as follows. In Sec. II, we
review the fermionic backflow wave-function ansatz and
introduce the surface of zeros of the wave function in
configuration space as a geometrical measure of the sign
structure. We illustrate the emergent scale invariance
in the nodal structure and show that by generalizing the
wave-function ansatz used in previous work [34], it is pos-
sible to vary the fractal dimension of the nodal surface
over a significant range. In Sec. III we numerically cal-
culate the Re´nyi entanglement entropy S2 for the states
described by the generalized backflow wavefunctions in
two dimensions. Our main finding is that irrespective
of the fractal dimension of the nodal surface of the crit-
ical backflow state, the entanglement entropy follows a
volume law. In Sec. IV, we summarize our results and
discuss their implications.
II. SIGN STRUCTURES OF BACKFLOW
FERMIONS
Fermion signs are expected [34] to play a crucial role for
the universal behavior at quantum critical points. This
insight is based on the constrained world-line path in-
tegral reformulation [35] of the sign-full fermionic path
integral, which is used in quantum Monte-Carlo simula-
tions to treat the fermion signs in a more manageable
way [36–38]. In this language the nodes of the many par-
ticle density matrix impose hard-core constraints on the
dynamics of effectively bosonic world lines. This nodal
hypersurface can be viewed as a geometrical representa-
tion of the fermion sign structure in many-particle con-
figuration space.
The Fermi energy EF is encoded in the constraint
structure [34]: the average nodal pocket size gives rise
to an average collision time τc ∼ 1/EF of the worldlines
with the constraint structure. The observation of Planck-
ian dissipation in the quantum critical region of high-Tc
cuprates [39], as well as the discontinuous Fermi-surface
reconstruction [40] and the quasi-particle divergence [41]
3seen in heavy-fermion intermetallics clearly show that at
the quantum critical point the metallic system loses its
knowledge of the Fermi degeneracy scale. From the above
considerations based on the constrained path integral it
is therefore clear that the fermion sign structure has to
become scale invariant.
It has been demonstrated [34] that collective, long-
range backflow correlations built into fermionic wave-
functions can lead to emergent scale invariance in the
nodal structure that goes hand in hand with a disappear-
ance of the discontinuity in the single-particle momen-
tum distribution n(k). Fermionic backflow wavefunc-
tions therefore provide a simple tool to study the collapse
of a Fermi liquid at a critical point and to investigate how
the Hausdorff dimension of the fractal nodal structure
enters scaling relations. In this section we briefly review
the properties of the fermionic backflow gas. We will
then generalize the wavefunction ansatz used in previous
work [34] and demonstrate that the fractal dimension can
be tuned over a significant range, e.g. by changing the
exponent of the long-range backflow correlations.
The idea to incorporate hydrodynamical backflow ef-
fects in quantum-mechanical wave functions dates back
to Feynman and Cohen [42]. They argued that the ‘ro-
ton’ in Helium-4 is like a single mobile atom which is
dressed by collective motions in the liquid. Helium is a
nearly incompressible fluid and the density in the neigh-
borhood of the moving particle is barely altered. As a
consequence, there has to be a backflow of other particles
conserving the total current and leading to an enhance-
ment of the effective mass of this quasiparticle. This can
be described quantum mechanically by taking wave func-
tions exp(ikr˜i) with collective quasiparticle coordinates
r˜i = ri +
∑
j(6=i)
η(|ri − rj |)(ri − rj), (1)
where the ri are the coordinates of the bare particles
and η(r) is a smoothly varying function which falls off
like ∼ r−3 on large distances, exactly as the dipo-
lar backflow in a classical, incompressible fluid. Much
later, it was found out that wave functions of the form
Ψbf = J(r1, . . . , rN ) det
(
eikir˜j
)
, with long-range back-
flow correlations built into the Slater determinant, yield
excellent variational Monte-Carlo energies for bulk liq-
uid 3He [29], electron jellium [30, 31], metallic Hydrogen
[32], and the two-dimensional Hubbard model [33]. Note
that the Jastrow factors J are positive definite and sym-
metric under particle exchange. Hence, the fermion sign
structure is completely determined by the determinant
factor and will crucially depend on the collective back-
flow. Following Ref. [34], we ignore the Jastrow factor
(as well as the spin dependence) and consider backflow
wave functions of the form
Ψ(r1, . . . , rN ) = N det
(
eıki·r˜j
)
, (2)
where N denotes a normalization factor and the collec-
tive coordinates are defined in Eq. (1). We will use a
(a) (b)
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FIG. 2: (Color online) Two-dimensional cuts of the nodal sur-
face of fermionic backflow wavefunctions for kF = 2 (N = 13),
backflow exponent β = 3, and increasing backflow strength a.
The white dots show the fixed positions of N − 1 particles.
The nodal surface seen by the remaining particle is given by
the interface between blue and red areas, corresponding to
the two different signs of the wavefunction.
generalized backflow function
η(r) = aβ/
(
rβ + rβ0
)
, (3)
where a determines the strength of the backflow and r0
is a short-distance cut-off. The backflow exponent β = 3
encodes for the literal hydrodynamical, dipolar backflow.
We will also use different values of β and show that this
amounts to a flexible way to change the fractal dimen-
sion of the critical nodal surface. This represents the key
result of this section. On very small distances, the fractal
behavior is cut-off by r0. All our results are independent
of the particular choice of r0, as long as it is chosen to
be sufficiently small compared to the other length scales
in the system.
The wavefunctions (2) are eigenstates of a free-particle
Hamiltonian in terms of the collective coordinates, H =
− h¯22m
∑
i ∂
2/∂r˜i
2. In the following we will consider the
ground state of this backflow gas for a two-dimensional
square system of size L×L with periodic boundary condi-
tions. This corresponds to a set of momenta ki on a two
dimensional grid with spacing ∆k = 2pi/L and |ki| ≤ kF ,
e.g. for kF = 2 (in units of ∆k) we obtain N = 13 parti-
cles with momenta shown in the inset of Fig. 2(a).
The nodal hypersurface is determined by the zeros of
the wavefunction, Ψ(r1, . . . , rN ) = 0. The geometry and
topology of this object characterize the sign structure of
the fermionic state. In Fig. 2 we show two-dimensional
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FIG. 3: (Color online) Correlation integrals for N = 49,
β = 3, and different values of the backflow strength a. Cor-
responding nodal-surface cuts are shown as insets. Both the
range ξ of fractal behavior (indicated by blue arrows) and the
Hausdorff dimension ν increase with a. For a = 1.0, ξ exceeds
the system size.
cuts, which are obtained by fixing N −1 particles at ran-
dom positions. For the non-interacting Fermi gas the
nodal surface seen by the remaining particle smoothly
connects the N − 1 fixed particles, forming pockets with
a typical size of the order of the inter-particle spac-
ing [Fig. 2(a)]. Note that for any fermionic wavefunc-
tion the N − 1 particles are necessarily located on the
nodal-surface cut because of Pauli’s exclusion principle.
Figs. 2(b)-(d) show the evolution of the nodal surface as
a function of the backflow strength a for β = 3.
In order to quantify the changes of the nodal surface
and to demonstrate that backflow indeed leads to fractal
behavior, we numerically calculate the correlation inte-
gral C(r) which counts the number of pairs of nodal-
surface points with separation less than r. For a fractal
object, C(r) ∼ rν with ν = dH the Hausdorff or frac-
tal dimension [34]. The resulting correlation integrals
for N = 49, β = 3 and different values of the backflow
strength a are shown in Fig. 3. Without backflow, we
find ν = 1 on scales smaller than the inter-particle spac-
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FIG. 4: (Color online) Fractal dimension dH = ν of the nodal
surface as a function of the backflow strength a for backflow
exponents β = 2 (red) and β = 3 (blue) and different particle
numbers N .
ing rs, consistent with smooth one-dimensional nodal
lines. Near rs there exists a crossover to ν = 2, reflecting
that the nodal structure looks two-dimensional on scales
larger than the average spacing between nodal lines. For
a > 0 the correlation integrals show fractal behavior from
the small-distance cut-off r0 up to a ‘correlation-length’
scale ξ which increases with a and seems to diverge at a
critical value ac ≈ 0.9− 1.0. At this value, the back-flow
strength a is of the order of the inter-particle spacing.
Unfortunately, it is not possible to extract accurate val-
ues of ξ and ac since the crossover is relatively broad
for the system sizes we can study and since changes of
ν become quite small near ac. Interestingly, the fractal
dimension ν is found to be non-universal and to increase
with a over quite a big range. This behavior is summa-
rized in Fig. 4 for different particle numbers N and back-
flow exponents β. As expected, the Hausdorff dimension
depends on β. It also changes noticeable between N = 29
and N = 49, indicative of a relatively strong finite-size
dependence.
In our earlier work [34] we already observed that the
Hausdorff dimension dH of the nodal surface does depend
on a, but only considered the canonical value β = 3 for
the backflow exponent. Although the identification with
the physical backflow notion is no longer possible, one
can just exploit the freedom in the parametrization (3)
as defining a family of wave-function ansatzes.
As it turns out, for a “longer ranged” envelope func-
tion (β < 3), dH decreases while it increases for β > 3.
A typical example is shown in Fig. 4: one infers that
relative to the β = 3 results, the Hausdorff dimensions
are significantly smaller for β = 2. We will exploit the
differences of these two cases in our study of the Re´nyi
entropies. However, we have explored a larger family of
envelope functions, finding that the Hausdorff dimension
can in principle be tuned to have any value 1 < dH < 2.
5III. THE SECOND RENYI ENTROPY OF
BACKFLOW FERMIONS
Let us now turn to the results for the second Re´nyi
entropy S2 for the fermionic backflow wavefunctions (2),
calculated numerically by using the Monte-Carlo algo-
rithm [43, 44] outlined in Sec. A. The wave functions are
defined on a square system of side-length L with periodic
boundary conditions. We choose the sub-system A to be
an ` × ` square in the center of the system (see Fig. 1).
We will compute S2(`/L) for different particle numbers
N , backflow strengths a, and for different values of the
backflow exponent β. As we have shown in Sec. II, β
serves as a ‘knob’ to change the Hausdorff dimension of
the fractal nodal surface.
Before turning to the effects of backflow, let us first
benchmark our code by calculating the entanglement
entropy for free fermions (a = 0). We expect that
S2 ∼ ` ln `, at least in the regime z := `/L  1. For
larger z, finite-size effects will start to become impor-
tant. Since by construction the ground-state is non-
degenerate, S2 vanishes as z → 1. At around z = 1/
√
2
where the area of sub-system A is half of the total area of
the system the entanglement entropy S2(z) has a maxi-
mum. In addition, commensuration effects between the
partitioning and the periodic boundary conditions are
know [45] to cause small ripples or oscillations in S2(z)
that are most pronounced near the maximum of S2. To
minimize such finite-size effects, we will investigate en-
tanglement entropies only for values z < 1/2. We can
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FIG. 5: Scaling of the second Re´nyi entropy vs. the number of
particles (or equivalently the size of the system), for the non-
interacting Fermi gas (a = 0) and z = 0.3. For comparison, we
also show the analytic results obtained from the eigenvalues of
the overlap matrix of single-particle states on the sub-volume.
look for the typical area-log-area Fermi-liquid scaling ei-
ther as a function of z or as a function of the parti-
cle number N . For fixed density ρ = N/L2, one ex-
pects S2 ∼
√
N lnN . However, it is known that for
free fermions, the entanglement entropy contains a seiz-
able sub-leading area-law contribution ∼ √N . In Fig. 5
we demonstrate that our MC data indeed follow the ex-
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FIG. 6: (Colour on-line) Second Re´nyi entropy for the
fermionic backflow system (β = 3), for increasing number
of particles N , as a function of z. Increasing values of a are
overlaid. We have defined S˜2 = S2/(
√
N lnN).
pected dependence S2/
√
N = a lnN + b with coefficients
a, b that depend on the particular value of z.
For comparison, we have also calculated the entangle-
ment entropies S2 of the free fermion groundstate analyt-
ically. This requires the computation of the eigenvalues
λ1, . . . , λN of the overlap matrix Aij =
∫
A
φ∗i (r)φj(r) be-
tween the single-particle states φi(r) = L
−1eiki·r on the
sub-system A. The entanglement entropy is obtained
as S2 = −
∑
i ln
[
λ2i + (1− λi)2
]
[45]. As illustrated in
Fig. 5, we find excellent quantitative agreement between
the analytic results and out MC data.
We now look in detail at the effects of backflow, start-
ing with a backflow exponent of β = 3 and varying the
backflow strength a. As demonstrated in Sec. II, back-
flow leads to fractal behavior in the nodal structure up
to a length scale ξ. This length scale rapidly increases
with a and becomes of the order of the system size at
ac ≈ 0.9, indicative of a diverging correlation length.
One would expect to see a change in the entanglement-
entropy scaling from critical, non-Fermi liquid behavior
on scales ` < ξ to conventional Fermi-liquid behavior for
` > ξ. As we will see below, this is indeed the case.
The results for the second Re´nyi entropy S2 of the
backflow system with given N and a as a function of
z = `/L, are displayed in Fig. 6. A crossover in the
entanglement-entropy scaling manifests itself as inflec-
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FIG. 7: The average acceptance rate for the Metropolis
moves, as a function of the number of particles, for two values
of the backflow strength, a = 0.2 and a = 0.4.
tion point in S2(z). The location of this inflection point
shifts to larger values of z as the backflow strength is in-
creased, until our view is obscured by finite-size effects.
Note that the inflection point in the case of the free Fermi
gas is entirely due to finite-size effects and not indicative
of a crossover in the entanglement scaling. As we will
demonstrate later, for a > 0 the entanglement entropy
follows a volume law, S2 ∼ `2, on scales smaller than the
length scale marked by the inflection point.
At this point it should be noted that we are only able
to calculate the entanglement entropies for backflow sys-
tems of up to N = 45 particles. Already for N = 49
the noise increases significantly. For even larger systems
the calculation becomes impossible. This restriction per-
sisted even though our calculations were parallelized on
the Dutch GRID, which allowed us for almost unlimited
CPU resources. What we observed was that the calcu-
lations become increasingly time-consuming as the ac-
ceptance rate, for each move proposed in the Metropolis
algorithm, gets exponentially suppressed as the number
of particles increases. This is amplified for more strongly
interacting systems, i.e. for larger values of the backflow
strength a (see Fig. 7). This is reminiscent of the critical
slowing down observed in other Quantum Monte Carlo
simulations upon approaching a critical state.
Given the restricted number of particles available one
naturally worries about the reliability of our results
against finite-size artifacts. After all, in bosonic sys-
tems one usually spans several orders of magnitude of
system sizes in order to establish the thermodynamic
limit. To address this issue and to demonstrate the amaz-
ing resilience of the entanglement-entropy scaling of the
fermionic backflow system to finite-size effects we study
the dependence of our results on N . For this purpose we
fix the density ρ = N/L2 of the system as well as the size
` of the sub-system and vary the total size of the sys-
tem. In this way we can isolate the effect of the size of
the total system and examine its effects on the entropy.
More importantly it means that the comparison of S2 for
different N , done this way, is meaningful.



S
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N
FIG. 8: The dependence of S2 on the size of the system,
keeping the density and the sub-system size constant. The
entanglement entropies calculated for systems with a small
number of particles are surprisingly close to the value for an
infinite system.
It should be noted here that as the number of par-
ticles or the system size increases, the critical backflow
strength ac decreases, resulting into noisier S2(z) curves.
The fortunate caveat though is that as N grows while ρ
and ` are kept fixed, z becomes smaller. As it can be
seen in Fig. 6, the lower values of z remain relatively re-
liable even for larger N . This is what gives us confidence
in the scaling of S2 vs. N , presented in Fig. 8. It is
quite remarkable that the convergence rate to the ther-
modynamic limit is very fast and that even in very small
systems, e.g. for N = 5 particles, one seems to be able to
capture the essential physical behavior. Unfortunately,
even for only N = 2 fermions with backflow correlations,
an analytic calculation of S2 appears to be impossible.
We can now proceed to our ultimate goal, which is
to compute the scaling behavior S2 ∼ `θ of the Re´nyi
entanglement entropy of a critical backflow gas, a→ ac.
This can be done by repeating the above scaling analysis
for different values of `. We find very good evidence that
for a < ac and sufficiently small z, the Re´nyi entropy
always follows a volume law, θ = 2, irrespective of the
value of a. This is in stark contrast to the behavior of the
fractal dimension dH of the nodal surface which increases
with a over a relatively large range (see Fig. 4).
In Fig. 9, we show the power-law behavior S2 ∼ `θ
for different particle numbers (N = 9 and N = 13) and
backflow exponents (β = 2 and β = 3). We find that
the power laws are robust over a significant range with
exponents that are very close to volume scaling, θ = 2.
The deviations from a power law at very small scales
are due to the small-distance cut-off r0 of the backflow,
Eq. (3). In Fig. 10 the extracted entanglement scaling
exponents θ are shown for various particle numbers N .
Our results show that θ is independent of N and equal
to θ = 2 within the error bars. Finally, we can change
the backflow exponent from β = 3 to β = 2 which gives
rise to a significant change of dH but does not affect the
volume scaling of S2.
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FIG. 9: Power-law behavior of the entanglement entropy,
S2 ∼ `θ, for different values of β and N and a→ ac.
IV. DISCUSSION AND CONCLUSIONS
Let us reiterate our main findings. (i) The bipartite en-
tanglement entropy is sensitive to the crossover between
fractal and smooth behavior of the nodal structure. (ii)
It is incapable to resolve the precise nature of the non-
trivial fermion-sign structure in the fractal regime. We
generically find here volume entanglement scaling, irre-
spective of the fractal dimension of the nodal structure.
The findings we have presented in this work do fit into
a broader development. Although the bipartite entan-
glement entropies have played a stimulating role with re-
gard to the introduction of quantum information notions
in quantum many-body- and field theory the realization
is growing that it has severe shortcomings, to the degree
that it may be plainly misleading. A first precedence has
been the demonstration that it falls short of even detect-
ing the quantum critical state of the transversal field Ising
model in 2+1D [10]. The work by Grover and Fisher [16]
that formed the initial motivation of the present study
is also devastating: the gross scaling properties of the
bipartite entropies are insensitive to the infinite party
entanglement realized in configuration space, while the
area law is just generic for a state characterized by a
sign-free state where all wave function amplitudes are
positive definite. Given this observation it appears to us
that the widespread belief in the quantum information
community that the ground states of systems described
by any local Hamiltonian should show an area scaling of
the bipartite entropy is actually based on folklore. Typi-
cally the focus has been on ground states of systems that
can be enumerated, like the 1+1D systems and higher
dimensional incompressible spin systems which are in-
variably sign-free. The (fermion) sign problem is just
in the way of explicitly enumerating the ground states
of sign-full systems and these have been just entirely ig-
nored. These should exhibit a longer ranged entangle-
ment entropy, the simple case in point being the Fermi-
gas with its area-log-area scaling. Given the sensitivity
of the bipartite entanglement entropies to the presence
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FIG. 10: The scaling exponent θ of the Re´nyi entropy as
a function of the system size and for different values of the
backflow exponent β.
of signs, the next question to ask is whether the bipartite
entropies are sensitive to any special features in the sign
structure. This we set out to investigate in the this work.
Given that basic scaling behavior is at stake, we perceive
a sign structure that is organized as a fractal as an op-
timally beneficial circumstance for the Re´nyi entropy to
reveal such specific sign information. The disappointing
outcome is that the Re´nyi entropy appears to be only
capable to discriminate between the Fermi-gas (with the
area-log-area scaling) and the more dense sign structures
characterized by fractal nodal surfaces. Although we did
not check it explicitly, the odds are that for a nodal sur-
face with any Hausdorff dimension dH , S2 will exhibit a
volume scaling.
A clear indication is the extremely rapid convergence
of S2 as function of system size. As we emphasized in
the previous section, the correct scaling behavior of the
thermodynamic limit is already revealed departing from
a system containing as few as five fermions. This is in
stark contrast with the geometry of the nodal surface
itself where one needs at least 10 times as many particles
to discern the fractal dimension, overcoming the finite
size artifacts. Obviously, this signals that the bipartite
entanglement entropy, even in the presence of signs, is
just revealing short distance information. The precise
mechanism is unclear to us.
Arguably, the only genuine non-Fermi liquids that have
been identified based on controlled mathematics are the
holographic strange metals. As we explained in the in-
troduction their vacuum state may be characterized by
bipartite von Neumann entropies with anomalous di-
mensions intermediate between area and volume scaling.
However, this scaling dimension coincides with the hy-
perscaling violation exponent θ that is well established to
characterize the deep infrared [26]. Given the message of
the previous paragraph this appears as an apparent para-
dox: how can it be that a quantity (the entanglement en-
tropy) that appears to only pick up UV information in an
explicit field theoretical setting (the back-flow fermions)
8manages to measure a deep IR scaling dimension (the
θ of the holographic strange metals)? The caveat is of
course that the first quantized back-flow system which is
in fact based on a hidden free fermion ansatz cannot be
assigned a universal status being representative for the
sign structure of all quantum critical fermion systems.
We leave the origin of the anomalous scaling of the en-
tanglement entropy of the holographic strange metals as
the great challenge for future research.
Given that the bipartite entanglement entropies are
such blunt tools dealing with the complexities of sign-
full quantum states of matter, are there alternatives? It
seems obvious that sign structure and infinite party, field
theoretical entanglement go hand in hand. This is gener-
ally recognized dealing with highly excited states. This
raises then the question whether perhaps the nodal sur-
face might serve the purpose of further characterizing the
nature of this entanglement.
It has the obvious disadvantage that it requires too
much information. In principle the full density matrix
contains all quantum information of the state under con-
sideration but it is just too complex. The nodal surface is
defined as the hyper-surface of zero’s of this density ma-
trix, amounting to only a rather marginal improvement
with regard to the information overload. However, the
advantage of the nodal surface is that the sign structure
is geometrized. A case in point is the very notion that
the nodal surface can be characterized by either a smooth
or a fractal geometry. In fact, because of the difficulty
that one needs the state explicitly in order to enumer-
ate the nodal surface, very little is known regarding this
nodal surface geometry. A next difficulty is that the rela-
tionship between the nodal surface and the infinite party
entanglement is far from straightforward. Although not
quite enumerated, the quantum non-locality associated
with the antisymmetrized states in the Fock space of the
free fermion gas has a mirror image in the non-locality of
the Fermi gas nodal surface. Changing the position of one
particle will change the precise locus of the nodal surface
everywhere else. Obviously, turning the smooth nodal
surface geometry into the fractal one of the back-flow sys-
tem this degree of non-locality is further enhanced and
one could then argue that the quantum critical fermion
system is more densely entangled.
However, the lesson of the Bell pairs is that entangle-
ment should be representation independent. Although
it involves a non-local and highly singular transforma-
tion, the back-flow system can be represented as a free
fermion gas of “back-flow particles” and the denser en-
tanglement associated with the bare particle coordinates
can therefore be viewed as a peculiarity of an inconve-
nient representation. Even for the Fermi gas itself there
is a confusing issue with the precise status of the “anti-
symmetrization entanglement”. The permutation signs
surely block the way to a short range entangled prod-
uct state in real space. However, real space is a choice
of representation. How does this work in single particle
momentum space? In fact, using the constrained path
integral one can prove easily that the Fermi-gas precisely
maps on the problem of a classical Mott insulator living
in a harmonic well in momentum space [46]. Although
this “Mottness” involves non-local information this is the
same kind of non-locality perceived by a car stuck in a
traffic jam: this has no relation whatever with the quan-
tum information that may be used to factorize primes in
polynomial time.
So much is clear that the fermion-sign problem is coin-
cident with the present incapacity of the available compu-
tational tools to deal with infinite party long range entan-
gled states of thermodynamically large systems. But this
incapacity does not necessarily imply the end of physics:
especially dealing with the incomputable sign-full vac-
uum states there should be physics which may quite
well be beautiful physics as suggested by the holographic
strange metals. An uncharted territory of physics is wait-
ing behind the fermion-sign brick wall and we hope that
our investigations may stimulate others to have a closer
look.
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Appendix A: Computing the Re´nyi Entropy: the
algorithm
In this section we will review the Monte-Carlo algo-
rithm [43, 44] to calculate the second Re´nyi entropy
S2 for any given normalized N -particle wavefunction
Ψ(r1, . . . , rN ). This algorithm will then be used in
Sec. III to calculate S2 for the fermionic backflow wave-
functions (2). Notice that we expect SvN and Sn to have
the same scaling properties. S2 is chosen because it is
relatively easy to calculate.
In order to compute the bipartite entanglement en-
tropy one needs to split the system into two sub-systems
A and B, as illustrated in Fig. 1. For brevity, we write the
wavefunction as Ψ(r1, . . . , rN ) = Ψ(α, β) where α and β
are the configurations of the sub-system A and B, respec-
tively (e.g. α is determined by the number NA of parti-
cles in sub-system A and by the positions r1, . . . , rNA of
these particles and N = NA+NB). The reduced density
matrix can then be written as
ρA(α, α
′) =
∑
β
Ψ∗(α, β)Ψ(α′, β), (A1)
9where the partial trace over sub-system B implies that
NA = N
′
A. This however does not fix NA to be a partic-
ular number. One should view the above definition as a
short-hand notation for
ρA(α, α
′) = δNA,0 + δNA,1ρ
(1)
A (r1; r
′
1) + . . .
+δNA,Nρ
(N)
A (r1, . . . rN ; r
′
1, . . . , r
′
N ).(A2)
The exponentiated 2nd Re´nyi entanglement entropy
e−S2 = Trρˆ2A can then be expressed as
e−S2 =
∑
αα′ββ′
Ψ∗(α, β)Ψ(α′, β)Ψ∗(α′, β′)Ψ(α, β′). (A3)
This expression has a simple physical interpretation. It
is equal to the expectation value e−S2 = 〈 ˆSwapB〉 of
a swap operator that exchanges the configurations of
sub-system B between two replicas S, S ′ of the system,
ˆSwapB |α, β〉|α′, β′〉 = |α, β′〉|α′, β〉.
Note that the sum in Eq. (A3) is equivalent to an inte-
gral over the positions r1, . . . , rN in S and r′1, . . . , r′N in
S ′. This high-dimensional integral we will calculate nu-
merically, using Metropolis Monte-Carlo integration. We
will sample configurations using the probability distribu-
tion
P (α, β;α′, β′) = |Ψ(α, β)|2 · |Ψ(α′, β′)|2
= |Ψ(r1, . . . rN )|2 · |Ψ(r′1, . . . , r′N )|2.(A4)
After a simple re-writing of the integrand in Eq. (A3),
we find that we need to average
F (α, β;α′, β′) =
Ψ(α′, β)Ψ(α, β′)
Ψ(α, β)Ψ(α′, β′)
(A5)
over Markov chains generated with the probability dis-
tribution P .
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